B 5.6/ %Mk/ck‘ Vc’&gr yaces. @M/ééx 5{‘9@1«/4/«4’5'

QMM X A./((méfrf !

£= B4 KeCe)=3 , Zmcer= 2.
12)= /944 = UF : mModwbs
go”‘l"ﬁaff ‘2= 3-217 2Z= (3+2:) (3-2:)= G+4=/3 = /2%

%/ar %/m:

=a+ Al‘
b—;fm(é) L-lz'l‘ (Z

¢ :’—-———9 argumenf of 2
= AR

i (2) ’-’-'-'/2'/@5¢? Im@ = /?/57)7;5

2= (2 (tugs Sin#e) Blor form of 2.

domﬁ&x 5\‘99141/0 les  and f{‘gem/f@’gfs

An/l{l'a&/ [——?‘«-]
A=

5 2

“9=N wl‘,

C/mmcll- %énf [A—)Il—‘- Q/M:‘ c 2-) -
_ _(a)(@N+5 = -(Qz—))v‘.E

: = AN 4]

50 Eigonvaluss of A Silispg F OV =

Fp= i >\.""?>)‘2=1

Va2l



o Gonclid Whel O polomet Firr= N1
Wil real @l#{'&'(ﬂé Can "%w? Com,ééx Yools .

)1 "':'4: )\;:—' ’Z

did Bryy Can be willn as
Gy = Npi= (34 (n+i),

_@_-f;/ / ém/oéx VeeTor Slmce)ﬁ

A Vector Space V' o whidd Sabs are allasesl
7 be C&m/a/zoe numbers 45 Ca//ea/ a Ciom/eéx
Veclor Space

g /47
zw% 7%2 fo&/j‘” g/”cg ﬁrmed é?.
15 Comn fplex Veelors = [2’} e UEL.

=
Uy,

auel 15 a/emiéns are e resoter aatldio
@m/mﬂmﬁu’_‘ge ancl  Scaler mw&é/éfwﬁw (ohere

P B e hEC
Vove L ol He above operalins & a Vecls goce







4? cracc /) refe K/’—“ of /% famjééx &%ﬁa/é-

) 11=7 b) kit =E &, wed. ded”
Ve "

%' r(ﬂ/gmdf;ix
If )\,05 an et('?enmhe of ﬁ,g;’ and X 48 a

forrﬁgpona/iﬂg a'gen Vecfz'r,

gl

f%&w X L3 am ec’%em/a[ae of A, and X i3

S s acormpording S 2
Remone: 3= aeily > Zz7,= Qarbbi+i( auby+aty) =
2,= Optiby = Oy —bybr = £ (O +94) = ( A=) @?"é’)

=7 Z3



4./

A" 3 12 /7
-2 7 lacr

dit ) = ((21)(24) = 504 20 = A werlibf.

ém’/%r

g'jtm'a/ws; \(}
5‘)0) =/,4— ,\1'/ = =3 =2 \=0 & nef
-2 ?__>\ =0 @zﬁzn\h'ue_

T - (34)) (X)) =0
(}-?)(Mz) fay=o & f-q)—;wac::o
N oyx+3=0 € (3= O
O Ggonvelin are N=l, n2=3.

P
’0 ﬁnd .@{genmfp’/s Carrésfvno/ip?, 7(@ },-:_1_
We vieed 1 find X486 Sueh that

(A-L1)%=0

So
- 23— !ZL] -
- 7 \

(,Uﬁtﬂf 0/0 we exped" of He Colermms of /I

X

JEFE

@



(Which px 08 volor? 1o the Lineor Sqsterr

=YX, +/2%; = O 7. (1)
e 46¥%y =0 £q. (2)

Oémcw/; g? (1) & am«/f/’éﬂf fﬁ'[z)' W/jﬁfﬁ;’ie

50 we Can 0745 We ene a/ﬂem Z% 0% %) @ml X 5
o 5.0/ PR =0\
r)(, = 3)‘2(

- 3‘)(}__5, 2
X*[?{a}—'{”‘![’]

( g.ai@eﬁ\ld(ue ;24"" [?] Co-n‘c's‘o- &l’ﬁeh\lea‘o{‘_

Tﬁ c,ﬂfore ,

50 X' -

got



ng,,;,-¢ « f/; maz;‘ X

7 -
! ‘[ 5 ,;L]
we Waa% kwnow -&éﬁen\/a&ws Qre Corn/a/cx

[N=¢, %,=-4]

é?"o fma’ abendecféro Corr?sr)ndd‘wa 7% }\F_i
(UC neeol fo Solw Ttgxe el ?/ﬁuaf;v 5

(A—z"ﬂi: 5, A*S:
wfi 000 we Supe Pl Theve tre % #0 &f'ﬂv‘gwg
s e [FJ[HE
Wi &5 b eauimlin 1 the Lirear Syt
{—(9+<‘)x/—><z=o (1)

& X, +(0.1_L-))<;:: {2 (5.2)

Md‘ do we &cfecll of /fe Colieyms of A and Yhe rods
of A7



A/o/f& f%ﬂf
(3-0) (3+i) = 4-G)'= 4+= 5.

7%4;1 Yow - recte a'ﬂj A-el

PR o 94'[ +] ¢
5 24 o 5 §-¢ O
Y |2+ 41 ©
o 0 o | mowz- (27 (vou1)

B ;é+£)x
The, (24) %, +%25F = . 5% |

l 9"]
So for N4 ¥, {:@i)& éxow{;&sf L’l*cl') ['5

Q'gcm/(cjo;r} =
are ~x - 2
&'ﬁemmgr(e ("ﬂ/ v Ras

Z()’I‘nj f‘Kaf z(f X o av

.éc'ﬁtn:/mér) 7% en

L= A= N
An ﬂo'gzm/edér 7%' &’;__Z:_

Shout e 22[4 z —
2 hs



Szfmmmg/’ﬂj/
- —7 -1
gﬁ) = >\2+ / /05 7%? Clzﬁmo@rﬂffc /90{7” ofA.

Eeinenvalue
34'/\\/& S . o =
are b= Np=-t= N
Correslooﬂdiﬂj o [ N , ay
,@Cﬁwvzo‘lx}vs \“‘ '9*i ) L: [9# :\11
o
Jo Com/oﬁ)c 2Lger vihues 0 G real rﬂézx A
%’//’@f s (bﬂ/flyaﬁ /oa/rf \)3\
I’S arf aso

dud % 60//?5/%/7%'37 Z{7€n Ve
Wja?‘és 971 one Qﬂoj;é/‘.



(et & poges 't s?) &
Notee Hal
@"‘)" Eg. (1) &= @-1) )% (1-) X, = &

r 5% +(2=)X,=°
ik s el G (53

& @{2) i3 a wullpl of Eg(61 as Ww.

Fom Thus a}mfw

ov - ‘?;- -/"’l"[
X = X; 5 5 e,cjenwj;d Cotr'5/0”’”("”7
b kst

T Set @:{ [%*é‘]j Py basiés 743«;:7”/
%ens/rle Corr ngy

We ghso Knoo fhat JREE

b O Cgendec 04 4. we ol [proceadd 25 dore L
%«c,}/ ,&é [@//@/ﬂﬂﬁé? ,dem/(&rfl;&, Z -

Howzsver W'ﬂg Fhm in /‘Oﬁ? 4/ we know

T -and§:§ _ ek ,&s'acofrfxar‘&@ﬂq
\pheTad 1= = [-2-4i | T

5

d



52/#)»%754,47,

Fov

a- |

2 -
5 2

|



%0/51’7’) q\/
Ttee Z@em/d/ms of fhoe tel  rrrcki

_ [a -5
e- [°4]
th

e N=azxib If Aoré aﬂewf&
fZen ]%4, mij Can be ﬁﬂtf;/‘“[ a4

[ 2-[2 2] 2747

Sind  Cacy
WK&’M ¢ £4 //e Wj/ /4977. f/ %01 ‘7!-:/( X - 2yrg 7L
ZLX /’ﬁﬁ ﬁ@[ ?om.(’ ZZe onﬁm Z%e />0)7f [0,5)

- - T N $ind =
L e ¢ IH ) /,\[

P
a

f?q (81) eans That C5  Con be Viewed s
rv% of Veelor X é} an G‘r)j/ & /o/[ouﬁ!d égf

4 Sealyy, Wil foor N 2

(8%)




O

G-\
Sé \97(}‘)-:0 @ ( a-f_,)\-:)zz—éz:)m
From (9-3), big /0//oa)£

/’a —é]: [/IM&S¢ 5ot ] [IM 0] eug simg
5 a IMSing [Meng | | 0 1nl|| Sog aod
50 C§ , €ans a Y‘o“'a-.t‘oV\ 193 aqi aﬁj/e ﬁ)ﬁ%wecplgz @ Sealin ‘

7
f%m lhrugh  afactir ()]
Q2 ,) ,4sz l"’€ﬂ/€ )’)/70/;')(

oy = [ C-n1] =

}: (&‘—%)Zéz

2) N= Q#h Complex igervilies (6+0)
3) S an eigemedor of A Corresponding %
%= @=ib
9 p=[R® In®]

fféﬂ a) P i /‘nwﬂfé/e.
ﬂﬂd 6) /7:/0[; A ’D’/

a



‘Z;) our %f‘éﬂ?b&d‘ Exam /b/é

—
-

e
A= =
s 2 |

é@om e C@é IY\":’# ?)r‘e(;tw

i

—

L
5

O

P [Pe (%) Im(x)] { é é]
( 0

S0 Gccordng T B 9o

T8 o
jo oy e
L




322 Chapter 5 Eigenvalues and Eigenvectors

Symmetric Matrices Have  Our next result, which is concerned with the eigenvalues of real symmetric matrices,
Real Eigenvalues is important in a wide variety of applications. The key to its proof is to think of a real
symmetric matrix as a complex matrix whose entries have an imaginary part of zero.

THEOREM 5.3.6 If A is a real symmetric matrix, then A has real eigenvalues.

Proof Suppose that A is an eigenvalue of A and x is a corresponding eigenvector, where
we allow for the possibility that A is complex and x is in C”. Thus,

Ax = AX
where x # 0. If we multiply both sides of this equation by X’ and use the fact that
XAx = X' (Ax) = A(X'X) = A(x - X) = A|x]]?

then we obtain
X Ax

IIxI1?

Since the denominator in this expression is real, we can prove that A is real by showing
that =
x'Ax = x'Ax (14)

But, A is symmetric and has real entries, so it follows from the second equality in (14)
and properties of the conjugate that

XAx =% Ax = x"Ax = (A0 x = (A%)"x = (AD)"x = ¥ATx = TAx <

A Geometric Interpretation  The following theorem is the key to understanding the geometric significance of complex
of Complex Eigenvalues eigenvalues of real 2 x 2 matrices.

THEOREM 5.3.7 The eigenvalues of the real matrix

a —b !
c=[b a] (15)

are A = a % bi. If a and b are not both zero, then this matrix can be factored as - " :
a —-b 5 Al O c9s¢ —sin¢g : (16)
b a 0 |A]]]sing cos ¢ ‘

where ¢ is the angle from the positive x-axis to the ray that joins the origin to the &

A Figure 5.3.2 point (a, b) (Figure 5.3.2). B

«

Geometrically, this theorem states that multiplication by a matrix of form (15) can be
viewed as a rotation through the angle ¢ followed by a scaling with factor || (Figu®
5.3.3).

e

v
4’ Scaled / , CX
¢/~Rotated

Proof The characteristic equation of C is (A — a)? + b? = 0 (verify), from which 1t 2 i

b X follows that the eigenvalues of C are A = a + bi. Assuming that ¢ and b are not bo:; 3 ;' A

& zero, let ¢ be the angle from the positive x-axis to the ray that joins the origin © tm e =

point (a, b). The angle ¢ is an argument of the eigenvalue A = a + bi, so we 5€€ o ;‘ o

A Figure 5.3.3 Figure 5.3.2 that 4 : 3

a= |)L|COS¢ and b= |)\|51n¢ }

A Gec




324 Chapter 5 Eigenvalues and Eigenvectors

Power Sequences There are many problems in which one is interested in how successive applications of a
matrix transformation affect a specific vector. For example, if A is the standard matrix
for an operator on R" and x is some fixed vector in R", then one might be interested in o, 1
the behavior of the power sequence

2 k
X0, AXO, A X0y ooy A X0y«

L3 1
A:l: § 1‘1‘] and xoz[l]
-5 10 A Figure

then with the help of a computer or calculator one can show that the first four terms in
the power sequence are

1 1.25 o T L0 . [ 035
Xo= [1] Ay = [ 0.5]’ AXy = [—0.2]’ A d= [—0.82

With the help of MATLAB or a computer algebra system one can show that if the first 100
terms are plotted as ordered pairs (x, y), then the points move along the elliptical path
shown in Figure 5.3.4a.

For example, if
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To understand why the points move along an elliptical path, we will need to examine
the eigenvalues and eigenvectors of A. We leave it for you to show that the eigenvalues
of Aare A = % = %1’ and that the corresponding eigenvectors are
Concept R

Mm=%-2it vi=(§+i1) and =%+3ii v=(L-i1)
4 3 U s Al * Real part .
Ifwetaked = A = s —siandx=v, = (5 + i, l)m(17)andusethefactthatIkl = 1,

. il * Imagi
then we obtain the factorization aginary

T b s Modulus ¢
P |:z :I 5 5010 1] * Complex ¢
= l : .

_ % % 1 0 % % | = (19 : grgument
2 - * Polar form
A = P Ry P e

where Ry is a rotation about the origin through the angle ¢ whose tangent is J Skills
sing  3/5 3 .y ‘& ' Find the re,
tan ¢ = === =t = & 36.9° X . i
¢ cosp 4/5 4 By ) " Conjugate ¢
The matrix P in (19) is the transition matrix from the basis R Fing the de

& " Fing compl
Vectors,

B = {Re(x), Im(x)} = {(3.1). (1,0)}






